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Abstract: Model reference adaptive control systems (MRACS) is the one of the useful systems to control the plant containing
unknown variable parameters. However, to design MRACS, it has been needed to satisfy model matching condition. In this paper,
to improve the response in the case unsatisfying model matching condition, we design an adaptive law containing fractional order
integrator in adaptive law, and prove the system’s Lyapnov stability.
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1 Introduction

Fractional calculus is the operation expanding the order
of differential and integral operation from integer to non-
integer order. By using fractional calculus, many compli-
cated dynamics like visco-erastic body’s responce or amor-
phous semiconductor’s electric behavior can be described
as the simple system containing fractional order derivative
(fractional order system)[1],[2]. By using fractional calculus
in control system, we can design the control law containing
arbitrary order integration (fractional integrator.) Fractional
integrator has the infinite gain in the low frequency region,
and the phase shift of integrator can be limited to less than
±90◦.

Model Reference Control System (MRACS) is the con-
trol system tuning its controller to match the controlled sys-
tem to the designed reference model if plant parameters are
unknown[3]. However, to design the MRACS, the assump-
tion of the relative order of the controlled object is needed
in order to stabilize the total adaptive control systems. If we
design the MRACS without the assumption for the relative
order of the controlled object, the performance of control
system can be get worse.

By introducing fractional integrator to the adaptive con-
trol law in MRACS, it is expected that the performance of
the MRACS unsatisfying model matching condition can be
improved.

In this paper, we prove the lyapnov stability of MRACS
using 1/2 order integrator through the realization of dis-
tributed parameter system, and we show the stable numer-
ical results whose transient performance is good in the case
of unsatisfying the model matching condition.

2 Fractional Calculus

2.1 Fractional Order Caputo Derivative

Fractional order Caputo derivative[4] is given by
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where q is the order of the fractional derivative such that
n− 1 < q < n, n is the integer, and Γ(·) is the gamma func-

tion, which is the function expanding the factorial to arbi-
traly order.we defined fractional derivative Dq as fractional
order Caputo derivative
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2.2 Destributed Parameter System and Fractional Cal-
culus

Fig. 1: Rayleigh problem

Considering the system shown in Fig. 1. In this system,
lower half part under the plate is filled with Newton-fluid.
The motion of the plate and Newton-fluid can be given as
the following equations.

∂vx
∂t

(t,z) =
η

ρ

∂2vx

∂z2
(t,z) (2)

σxz (t,z) = η
∂vx
∂z

(t,z) (3)

σxz (t,0) = −σ0 (4)

vx (t,0) = v0 (t) (5)

vx (0,z) = 0 (6)

lim
z→∞vx (t,z) = 0 (7)

where t is time, vx (t,z) is the x direction of velocity at z po-
sition, ρ, η are the density and the viscosity of Newton-fluid,
σxz (t,z) is the x direction of shear stress at z position at z
position. In this subsection, means the Laplace transforma-
tion. By using Laplace transformation and Eq. (5), Eq. (2)



can be transformed to the folloing equation.

sv̂x (s,z) =
η

ρ

∂2v̂x

∂z2
(s,z)+ vx(0,z) =

η

ρ
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∂z2
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so it becomes

v̂x (s,z) =
η

ρs
∂2v̂x

∂z2
(s,z) (9)

From Eqs. (5) - (7), the solution of this system can be ex-
pressed as follow.

v̂x (s,z) = v̂0 (s)e
−
√
ρ
η s
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(10)

From Eq. (3), σxz (t,z) can be expressed as

σ̂xz (s,z) = −√ρηs 1
2 v̂x (s,z) (11)

From Eq. (4) and Eq. (5), the x direction of velocity at z = 0
position can be expressed as follow.

v̂0 (s) =
1√
ρη

1

s
1
2

σ̂0 (s) (12)

As shown in Eq. (12), fractional calculus appears in dis-
tributed parameter system.

2.3 Approximation Method of Fractional Calculus

In the case of constructing the control system using the
fractional order transfer function, it requires a lot of time to
calculate the convolution from the initial time. For reduc-
ing the time on calculation, Manabe proposed the approach
to approximate the fractional order transfer function to the
superposition of the integer order transfer functions on the
bode diagram around a specified frequency domain[5].We
used this approximation method to calculate the fractional
order derivative for the numerical simulation in section 2 and
section 8.

Fig. 2 shows the approximation of 1/s1.5. The transfer
function of 1/sq at 1 < q < 2 can be approximated to

1
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1
s
·Π j
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(13)

Ωlow < ω <Ωhigh (14)

where
δ = 20log10α (15)

β = α
− 2

(2−q)(q−1) (16)

a1 = α
− 1

q−1 (17)
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Ωlow = α j+1 (20)
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1
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(21)

Ωlow < ω <Ωhigh is the approximated frequency domain.
In the case of 1/sr at 0 < r < 1, the approximated trans-

fer function can be obtained by multiplying (13) by s. It
becomes

1
sr =

1
sq · s = Π j
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·Π j

i=1

1+bis
1+ais

(22)

where r = 1−q.

Fig. 2: The approximation of 1/s1.5

3 Model Reference Adaptive Control System

Considering the following controlled object,

y(t) =G(s)u(t) (23)

where y(t) is plant’s output, u(t) is control input, and G(s) is
described as

G(s) =
kB(s)
A(s)

=
k
(
sm+
∑m−1

i=0 bisi
)

sn+
∑n−1

i=0 aisi
(24)

To design the controller matching the plant’s output y(t) with
reference output yM(t), considering the following reference
model

yM(t) =GM(s)r(t) (25)

where

GM(s) =
kMBM(s)

AM(s)
=

kM

(
smM +

∑mM−1
i=0 bMisi

)
snM +

∑nM−1
i=0 aMisi

(26)

Here, considering the following assumptions.
(A1) The order of controlled object n and relative order of
controlled object 0 < n−m ≤ nM −mM is already known.
(A2) Plant’s parameters ai，bi，i= 1, · · · ,n is already known.
(A3) B(s) is a stable polynomial.
(A4) Without loss of generality, we assume k > 0.

Next, considering the following monic polynominals C(s)
and H(s),

C(s) = sn−m+

n−m−1∑
i=1

cis
i (27)

H(s) = sn−1+

n−2∑
i=1

his
i (28)

Then, R(s), S (s), RB(s) satisfying following equations are
uniquely determined. (model matching condition)

C(s)H(s) = A(s)R(s)+ kS (s) (29)

R(s) = sn−m−1+

n−m−2∑
i=0

ris
i (30)



S (s) = sn−1+
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i=0
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i (31)

RB(s) = R(s)B(s)−H(s)

= sn−2+

n−3∑
i=0

rBis
i (32)

Multiplying both sides of Eq. (29) by y(t), following eqation
can be given

y(t) =
k

C(s)

[
u(t)+

RB(s)
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]
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where

W(s)
�
=

1
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From Eq. (33) and Eq. (25), e(t) = y(t)−yM(t) becomes

e(t) = y(t)−yM(t)

= kW(s)

[
u(t)+
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H(s)

u(t)+
S (s)
H(s)
y(t)

]
−yM(t)

= kW(s)
[
u(t)− θ�ζ(t)

]
(35)

θ =
[

1
k θ�u θ�y

]�
(36)

θu =
[

rB0 · · · rB(n−2)

]�
(37)

θy =
[

s0 · · · sn−1

]�
(38)

ζ(t) =
[

GMC(s)r(t) ζ�u (t) ζ�y (t)
]�

(39)

ζu(t) =
[ −1

H(s) u(t) · · · −sn−2

H(s) u(t)
]�

(40)

ζy(t) =
[ −1

H(s)y(t) · · · −sn−1

H(s) y(t)
]�

(41)

Then, if we make the control input u(t) as u(t) = θ�ζ(t), er-
ror of plant’s output y(t) and reference output yM(t) becomes
as e(t) = 0. However, plant’s parameters are unknown. It is
needed to construct the control input u(t) by estemated pa-
rameters like

u(t) = θ̂
�

(t)ζ(t) (42)

where θ̂(t) is estimated parameters of θ.
If control input u(t) is given as Eq. (42), output error

e(t) = y(t)−yM(t) becomes

e(t) = kW(s)
[
θ̃
�(t)ζ(t)

]
(43)

θ̃(t) = θ̂(t)− θ (44)

If W(s) is SPR (relative order n − m = 1), conventional
MRACS uses the following first order integral adaptive law.

˙̃θ(t) = −Γθζ(t)e(t), Γθ = Γ
�
θ > 0 (45)

In this paper, we construct the MRACS containing 1/2 order
integrator as the adaptive control law.

3.1 1/2 Order Adaptive Control Law and Its Lyapnov
Stability

Fig. 3: Nyquist plot of ideal s−q (q = 1/2.)

The Nyquist plot of ideal 1/2 order integrator was shown
in Fig. 3. As shown in Fig. 3, the phase change of 1/2 order
integrator is limited in ±45◦, so it is expected that the phase
margin of high gain controller can be improved by fractional
integrator. Constructing the adaptive control law of MRACS
by

θ̃
(1/2)(t) = −Γθζ(t)e(t) (46)

Then, the construction of MRACS can be shown as Fig. 4.

Fig. 4: Construction of MRACS using 1/2 order integrator.

To show the Lyapnov stability of MRACS containing 1/2
order adaptive control law, following lemma was shown.

Lemma 1 （Kalman-Yakubovich Lemma）If and only if
kW(s) is SPR, kW(s) has the following realization.

ẋ0(t) = Ax0(t)+b
[
θ̃
�(t)ζ(t)

]
(47)

e(t) = c�x0(t) (48)

and there exist positive definite symmetric matrixs P and Q
satisfying following equations.

AP+PA� = −Q (49)

b�P = c� (50)

Next, we show the following theorem as the realization of
1/2 order system.

Theorem 1 If there is the 1/2 order system expressed as

ŷ1(s) =
Γθ

s1/2
û1(s) (51)



This system has the following realization

∂2x1

∂z2
= µ

∂x1

∂t
(52)

x2(t,z) = −µ−1/2Γ−1
θ

∂x1

∂z
(53)

∂2x2

∂z2
= µ

∂x2

∂t
(54)

y1(t) = x1(t,0) (55)

u1(t) = x2(t,0) (56)

lim
z→∞ x1(t,z) = 0 (57)

µ > 0 (58)

and this system satisfies passivity.

Proof. Considering x̂1(s,z), x̂2(s,z) defined as following
equations,

x̂1(s,z) = ŷ1(s)e−µ
1/2 s1/2z (59)

x̂2(s,z) = Γ−1
θ s1/2 x̂1(s,z) (60)

µ > 0 (61)

From Eq. (59) and Eq. (60), we can get the following equa-
tions.

∂2 x̂1

∂z2
= µsŷ1(s)e−µ

1/2 s1/2z

= µsx̂1(s,z) (62)
∂x̂1

∂z
= −µ1/2s1/2ŷ1(s)e−µ

1/2 s1/2z

= −µ1/2s1/2 x̂1(s,z)

= −µ1/2Γθ x̂2(s,z) (63)

∂2 x̂2

∂z2
= Γ−1

θ s1/2 ∂
2 x̂1

∂z2

= Γ−1
θ s1/2µsx̂1(s,z)

= Γ−1
θ s3/2µx̂1(s,z)

= µsx̂2(s,z) (64)

x̂1(s,0) = ŷ1(s) (65)

x̂2(s,0) = Γ−1
θ s1/2 x̂1(s,0)

= Γ−1
θ s1/2ŷ1(s)

= û1(s) (66)

By using inverse Laplace transform, Eq. (59) and Eq. (61),

ŷ1(s) = Γθ
s1/2 û1(s) can be realized by

∂2x1

∂z2
= µ

∂x1

∂t
(67)

∂x1

∂z
= −µ1/2Γθx2(t,z) (68)

∂2x2

∂z2
= µ

∂x2

∂t
(69)

y1(t) = x1(t,0) (70)

u1(t) = x2(t,0) (71)

lim
z→∞ x1(t,z) = 0 (72)

µ > 0 (73)

Next, we show the passivity of realized system. Considering
the following Lyapnov function.

V1(t, x1) =
∫ ∞

0

1
2

x�1 ρx1dz, ρ > 0 (74)

Then, the first derivative of V1(t, x1) can be given as

dV1

dt
=

∫ ∞
0

x�1 ρẋ1dz =
∫ ∞

0
x�1 ρµ

−1 ∂
2x1

∂z2
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=
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0

x�1 ρµ
−1 ∂

∂z

(
−µ1/2Γθx2

)
dz

= −
∫ ∞

0
µ−1/2x�1 ρΓθ

∂x2

∂z
dz

= −µ−1/2
[
x�1 ρΓθx2

]∞
0
+

∫ ∞
0
µ−1/2 ∂x

�
1

∂z
ρΓθx2dz

= −µ−1/2
[
x�1 ρΓθx2

]∞
0

+

∫ ∞
0
µ−1/2

(
−µ1/2x�2 Γ

�
θ

)
ρΓθx2dz

= µ−1/2 lim
z→0

[
x�1 ρΓθx2

]
−
∫ ∞

0
x�2 Γ

�
θ ρΓθx2dz

= µ−1/2y�1 (t)ρΓθu1(t)−
∫ ∞

0
x�2 Γ

�
θ ρΓθx2dz (75)

If ρ becomes
ρ = µ1/2Γ−1

θ > 0 (76)

Eq. (75) can be discribed by

dV1

dt
= y�1 (t)u1(t)−

∫ ∞
0

x�2 Γ
�
θ ρΓθx2dz

= y�1 (t)u1(t)−α2
1 ≤ y�1 (t)u1(t) (77)

Q.E.D.

From Lemma 1 and Theorem 1, following theorem can
be shown. If the error transfer function is expressed as Eq.
(43) and W(s) is SPR, MRACS using following adaptive law
is Lyapnov stable.

θ̃

(
1
2

)
(t) = −Γθζ(t)e(t) (78)

Proof. From Lemma 1, the realization of kW(s) can be given

as Eq. (47) and Eq. (48). And, Γθ
s1/2 can be realized by the

following equations from Theorem 1.

∂2x1

∂z2
= µ

∂x1

∂t
(79)

∂x1

∂z
= −µ1/2Γθx2(t,z) (80)

∂2x2

∂z2
= µ

∂x2

∂t
(81)

−θ̃(t) = x1(t,0) (82)

ζ(t)e(t) = x2(t,0) (83)

lim
z→∞ x1(t,z) = 0 (84)

µ > 0 (85)

Considering the following Lyapnov function,

V(t) =
1
2

x�0 (t)Px0+

∫ ∞
0

x�1 (t)ρx1(t)dz (86)



By using (75), the first derivative of Eq. (86) becomes

dV(t)
dt

=
1
2

ẋ�0 (t)Px0(t)+
1
2

x�0 (t)Pẋ0(t)

−µ−1/2 1
2
θ̃
�(t)ρΓθζ(t)e(t)

−
∫ ∞

0
x�2 (t)Γ�θ ρΓθx2dz

= x�0 (t)
(
PA+A�P

)
x0(t)

+θ̃
�(t)ζ(t)b�Px0(t)

−µ−1/2 1
2
θ̃
�(t)ρΓθζ(t)e(t)

−
∫ ∞

0
x�2 (t)Γ�θ ρΓθx2dz

= x�0 (t)
(
PA+A�P

)
x0(t)+ θ̃�(t)ζ(t)ke(t)

−µ−1/2 1
2
θ̃
�(t)ρΓθζ(t)e(t)

−
∫ ∞

0
x�2 (t)Γ�θ ρΓθx2dz (87)

If ρ becomes
ρ = µ−1/2Γ−1

θ > 0 (88)

and kW(s) is SPR, we can get the following equation.

dV
dt

= −x�0 (t)Qx0(t)

−
∫ ∞

0
x�2 (t)Γ�θ ρΓx2dz < 0 (89)

Q.E.D.

4 Numerical Simulation

In this section, we construct the MRACS shown as Fig.
5 and calculate the approximated 1/2 order integrator as
shown in Fig. 6 by Manabe approach.

Fig. 5: Construction of MRACS used in numerical simula-
tion.
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Fig. 6: Approximated 1/2 order integrator.

To show the effectiveness of the adaptive law using the
fractional order integrator, we compared the integer order
adaptive transfer function (q = 1) with with fractional or-
der adaptive transfer function (q = 1/2) by simulating in two
cases.
Case 1. Satisfying model matching condition.

G(s) =
1

s+0.5
(90)

GM(s) =
1

s+1
(91)

Γθ = 1000 (92)

r(t) =

{
1, t ≥ 1
0, t < 1

(93)

Tracking errors, control input and estimated parameter of
q = 1 and q = 1/2 in case 1 were shown in Fig. 7, Fig. 8
and Fig. 9. As shown in Fig. 7, Fig. 8 and Fig. 9, by using
the fractional integrator, transient response of MRACS using
high gain adaptive law can be improved.
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Fig. 7: Tracking error e(t) = y−yM in Case 1.
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Fig. 8: Control input u(t) in Case 1.
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Fig. 9: Estimated parameter θ̂(t) in Case 1.

Case 2. Unsatisfying model matching condition.

G(s) =
1

s+0.5
(94)

GM(s) =
1

(s+1)2
(95)

Γθ = 1000 (96)

r(t) =

{
sin(t), t ≥ 0
0, t < 0

(97)

Tracking errors, control input and estimated parameter of
q = 1 and q = 1/2 in case 2 were shown in Fig. 10, Fig.
11 and Fig. 12. As shown in Fig. 10, Fig. 11 and Fig. 12,
the response of the MRACS has unstable in q = 1. However,
in q = 1/2, the internal signal of the system was stabilized
without satisfying model matching condition.
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Fig. 10: Tracking error e(t) = y−yM in Case 2.
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Fig. 11: Control input u(t) in Case 2.
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Fig. 12: Estimated parameter θ̂(t) in Case 2.

5 Conclusion

In this paper, we applied the fractional calculus to the
MRACS and prove the Lyapnov stability of MRACS using
1/2 order adaptive law. By applying fractional integration to
adaptive transfer function, we can improve the transient re-
sponse and stabilize the system dissatisfying model match-
ing condition. However, in this paper, we prove only the
stability of MRACS using 1/2 order adaptive law in the case
relative order n−m = 1. As the future work, it is needed
to prove the stability of MRACS containg arbitraly order q
adaptive law in the case relative order n−m = 2−q.
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